Most long memory forecasting studies assume that the memory is generated by the fractional difference operator. We argue that the most cited theoretical arguments for the presence of long memory do not imply the fractional difference operator, and assess the performance of the autoregressive fractionally integrated moving average (ARF IM A) model when forecasting series with long memory generated by nonfractional processes. We find that high-order autoregressive (AR) models produce similar or superior forecast performance than ARF IM A models at short horizons. Nonetheless, as the forecast horizon increases, the ARF IM A models tend to dominate in forecast performance. Hence, ARF IM A models are well suited for forecasts of long memory processes regardless of the long memory generating mechanism, particularly for medium and long forecast horizons. Additionally, we analyse the forecasting performance of the heterogeneous autoregressive (HAR) model which imposes restrictions on high-order AR models. We find that the structure imposed by the HAR model produces better long horizon forecasts than AR models of the same order, at the price of inferior short horizon forecasts in some cases. Our results have implications for, among others, Climate Econometrics and Financial Econometrics models dealing with long memory series at different forecast horizons. We show in an example that while a short memory autoregressive moving average (ARM A) model gives the best performance when forecasting the Realized Variance of the S&P 500 up to a month ahead, the ARF IM A model gives the best performance for longer forecast horizons.
Introduction
Long memory analysis deals with the notion of series with strong persistence in the sense of long lasting correlations. One of the first works on strong persistence is due to Hurst (1956) . He studied the long-term capacity of reservoirs for the Nile and recommended to increase the height of a dam to be built given his observations on cycles of highs at the river. As found by Hurst, failing to account for the presence of long memory can lead to inaccurate forecasts. If the data is best modelled by a long memory process, then the predictions computed with standard models would be too optimistic, in the sense that they would predict a return to normal events faster than what we would observe in reality. A dam built based on a short memory forecast would be more prone to overflow that one built based on a long memory forecast, hence increasing the risk of a catastrophic event. Hurst's work highlights the importance of developing appropriate forecasting tools to deal with the presence of long memory.
In the time series literature, the ARF IM A class of models remains to be the most popular given its appeal of bridging the gap between the stationary ARM A models, and the nonstationary ARIM A model. Moreover, some effort has been directed to assess the performance of the ARF IM A type of models when forecasting long memory processes. Ray (1993) calculates the percentage increase in mean-squared error (M SE) from forecasting fractionally integrated (F I) series with AR models. She argues that the M SE may not increase significantly, particularly when we do not know the true long memory parameter. Crato and Ray (1996) compare the forecasting performance of ARF IM A models against ARM A alternatives and find that ARF IM A models are in general outperformed by ARM A alternatives for short forecast horizons. Looking at real data, Martens et al. (2009) show that for daily realized volatility for forecast horizons of up to twenty days, it seems to be beneficial to use a flexible high-order AR model instead of a parsimonious but stringent fractionally integrated model. On the other hand, Barkoulas and Baum (1997) find improvements in forecasting accuracy when fitting ARF IM A models to Eurocurrency returns series, particularly for longer horizons. By allowing for larger data sets of both financial and macro variables, and considering larger forecast horizons, Bhardwaj and Swanson (2006) find that ARF IM A processes generally outperform ARM A alternatives in terms of forecasting performance. Thus, there does not seem to be a consensus regarding the forecast performance of the ARF IM A model.
One thing that most forecasting comparison studies have in common is the underlying assumption that long memory is generated by an ARF IM A process. There are two predominant theoretical explanations for the presence of long memory in the time series literature: cross-sectional aggregation of dynamic persistent micro units (Granger, 1980) , and that shocks may be of random duration (Parke, 1999) . As argued in Section 2, neither of these sources of long memory imply an ARF IM A specification. The question addressed in this paper is if an ARF IM A specification serves as a good approximation for forecasting purposes when the long memory generating mechanism is different from the ARF IM A model. Moreover, as argued by Baillie et al. (2012) , a practitioner's goals will generally include making forecasts over both short and long horizons. As an example, the surge of Climate Econometrics as a way to address Climate Change relies on the construction of long horizon forecasts while addressing medium term policy goals. Thus, we analyse the forecasting performance of short and long memory models at several forecast horizons. In particular, we extend previous studies to larger forecast horizons relevant to Climate Change analysis. This paper proceeds as follows. In Section 2, we present the long memory generating processes considered, and show that the most cited theoretical explanations for the presence of long memory do not imply an ARF IM A specification. Section 3 describes the design of the Monte Carlo analysis used for the forecasting study. Section 4 presents the results from the forecasting analysis, while Section 5 discusses them in a bias-variance trade-off context. Moreover, Section 6 shows that the insights gained from the Monte Carlo simulations hold on real data. Finally, Section 7 presents the conclusions.
Long Memory Generating Processes
In this section, we present the selected processes used to generate long memory. All processes considered are long memory in the covariance sense, see Haldrup and Vera Valdés (2017) for other definitions. In contrast to the alternatives, the covariance sense relates to the rate of decay of the autocorrelations. In this sense, the fitted models try to mimic the rate of decay of the weight that past observations have on future realizations. In this context, the models this information to produce better forecasts; thus, the covariance sense is a sensible definition of long memory for forecasting purposes.
The ARFIMA Model
As a benchmark, we include the ARF IM A process due to Granger and Joyeux (1980) , and Hosking (1981) in the analysis. The authors extended the ARM A model to include fractional dynamics by considering the process
where t is a white noise process, d ∈ (−1/2, 1/2), and φ(L) and θ(L) are polynomials in the lag operator with no common roots, all outside the unit circle. The authors used the standard binomial expansion to decompose the fractional difference operator (1 − L) d in a series with coefficients π j = Γ(j + d)/(Γ(d)Γ(j + 1)) for j ∈ N. Using Stirling's approximation, it can be shown that these coefficients decay at a hyperbolic rate, which in turn translates to slowly decaying autocorrelations. It is well known that ARF IM A processes are long memory by all definitions typically considered in the literature, and are relatively easy to estimate by Maximum Likelihood, see Sowell (1992) . Thus, the ARF IM A model has become the canonical construction for modelling and forecasting long memory in the time series literature; see Beran (1994) , and Baillie (1996) for a review.
For the Monte Carlo analysis, we consider ARF IM A(1, d, 0) processes as a way to incorporate both long and short term dynamics.
Cross-Sectional Aggregation
Granger (1980) , in line with the work of Robinson (1978) on autoregressive processes with random coefficients, showed that aggregating AR(1) processes with coefficients sampled from a Beta distribution can produce long memory. He considered N series generated as
where ε i,t is a white noise process with E[ε 2 i,t ] = σ 2 ε ∀i ∈ {1, 2, · · · , N }, ∀t ∈ Z. Moreover, α 2 i ∼ B(α; p, q) with p, q > 1, and where B(α; p, q) is the Beta distribution with density given by
with B(·, ·) the Beta function. Furthermore, define the cross-sectional aggregated series as
Granger showed that as N → ∞, the autocorrelations of x t decay at a hyperbolic rate with parameter d = 1 − q/2; thus, x t has long memory in the covariance sense.
The cross-sectional aggregation result has been extended in different ways, including to allow for general ARM A processes, and to other distributions; see Oppenheim and Viano (2004) , Linden (1999), and Zaffaroni (2004) . Haldrup and Vera Valdés (2017) showed that the long memory generated by cross-sectional aggregation does not correspond to the one associated to the ARF IM A model. In particular, they showed that although the long memory by cross-sectional aggregation can be removed by fractional differencing, the resulting series does not belong to the class of linear ARM A processes. The question addressed in this paper is whether an ARF IM A specification remains useful for forecasting purposes.
Error Duration Model
The error duration model was introduced by Parke (1999) . He showed that if the series is the result of the sum of shocks of stochastic duration, then it would exhibit long memory in the form of hyperbolic decaying autocorrelations.
Let ε s be a series of i.i.d. shocks with mean zero and finite variance σ 2 . Assume that the shock ε i has a stochastic duration of n i ≥ 0 time periods, and thus surviving from period i until period i + n i . Let p k be the probability that event ε i survives until period i + k, and take g i,t to be the indicator function for the event that the error ε i survives until period t. Furthermore, define x t as
Then, if 1 p k ∼ k −2+2d as k → ∞, x t will have long memory in the covariance sense.
By properly choosing the error survival probabilities, Parke showed that the autocorrelation function will decay at a rate similar to F I(d) processes. However, the resulting series has dichotomous coefficients that do not correspond to the fractional difference operator.
We follow Parke's specification in the Monte Carlo analysis and consider error survival probabilities that mimic those of the F I(d) model. Table 1 summarizes the long memory generating mechanisms to be analysed. 
For two series at, bt, with bt = 0 ∀t, we write at ∼ bt if limt→∞ at/bt = 1.
Cross-Sectional Aggregation (DGP 2)
Error Duration Model (DGP 3)
Monte Carlo Design
In this section, we describe the Monte Carlo analysis designed to compare the forecasting performance of ARF IM A models against ARM A and high-order AR models on long memory series generated by the processes described in Section 2.
Forecast Evaluation
We use the Model Confidence Set (M CS) approach of Hansen et al. (2011) to assess the forecasting performance of the selected models. From an initial set of models, the methodology allows us to obtain the superior set at a given confidence level. In this sense, the M CS is better suited to compare the forecast performance of a large set of competing models.
The M CS algorithm proceeds as follows. From a starting set of competing model, M 0 , we search for the set of superior models at forecast horizon h, M * , defined by
where d h i,j is the loss differential between models i and j. We obtain M * by sequential elimination. For each long memory generating process, we fit all the competing models in the starting set for a sample size T . The models are indexed by i ∈ {1, 2, . . . , m}, and the out of sample forecast from model i is denoted byŷ i T +k , ∀k ∈ {1, . . . , h}. We rank the models according to their expected loss using one of two loss functions: the mean square
, and the mean absolute deviation (M AD),
Define the loss differential between models i and j by
for M = SQ, AD; i, j ∈ {1, 2, . . . , m}. We eliminate the worst performing model at each step, and we continue with the process until we can not reject the null hypothesis of equal loss differentials for all models in the set; that is,
The null is tested by using either the range statistic, T R , or the semiquadratic statistic, T SQ , defined by
In the Monte Carlo analysis, we present the percentage number of times each model is contained in M * for each forecast horizon.
Additionally, as another measure of forecast performance, we compute both the out of sample root mean square error (RM SE), and the out of sample root mean absolute deviation (RM AD) given by
, where h andŷ i s are defined as above. We report the mean of both RM SE and RM AD across all replications.
Note that the M CS, and RM SE or RM AD evaluation criteria are complementary by construction. The M CS measure computed in this way, the percentage number of times each model is contained in the set of superior models, tells us about the success rate of the models; that is, how often do we expect each model to perform well. Meanwhile, the RM SE and RM AD criteria measure the average performance of each model. We will see in Section 4 how this distinction becomes relevant when selecting a forecasting model.
Model Selection
This section presents the models considered for the forecasting analysis. Table 2 presents the starting set, M 0 , for the M CS approach explained in Section 3.1. 
Model selection was based on two criteria. As a first criterion, we use the Bayesian Information Criterion (BIC) to select the number of lags to include in both the ARF IM A and ARM A models in an independent Monte Carlo analysis. The validity of the BIC for the class of processes with fractional differencing was proven by Beran et al. (1998) . The authors show that for this class of processes the penalty term must tend to infinity simultaneously with the sample size; thus, the Akaike Information Criterion is not consistent while the BIC is. Note that we made the lag selection exercise independent from the forecasting analysis to avoid the multiple testing problem.
We allow for a maximum of two lags at both components of the ARF IM A model, while the maximum was set to four for the ARM A model. We use Maximum Likelihood for the estimation of both classes of models with parameter specifications as reported in Appendix A.
Results from the lag selection exercise, presented in Appendix B, show that not many lags are selected for the ARF IM A specification for either component. This suggests that the short term component is not that persistent once we control for the long memory behaviour. For the ARM A specification, perhaps not surprisingly, more lags are selected due to the fact that we are not controlling for the long memory behaviour by way of the estimation of the fractional memory d. Nonetheless, the maximum number of lags selected by the BIC is two.
As a second criterion, in addition to the preferred models from the lag selection exercise, we follow previous works on long memory forecasting and consider high-order AR processes, AR(30) and AR(50). Moreover, given the success of the HAR(3) model of Corsi (2009) on mimicking long memory behaviour, see for instance Andersen et al. (2007) and Chiriac and Voev (2011) , we include both the unconstrained AR (22), and the HAR(3) models. The HAR(3) model is a constrained AR (22) given by
The HAR specification has been used to model financial data, it reflects the fact that different agents respond to uncertainty at distinct horizons. In this context, the three components of the model seek to capture the daily (x (f ) t ), weekly (x (w) t ), and monthly (x (m) t ) levels of uncertainty. Note that including the HAR(3) model allows us to extend Corsi's (2009) results in several directions. We make comparisons against a larger set of models, and we use the M CS approach, which is better suited for comparisons between multiple alternatives. Also, we include larger forecast horizons, and we remove the uncertainty regarding the presence of long memory in the data by comparing the performance of the HAR model in simulated long memory series, whereas Corsi used real data.
Monte Carlo Design
All models were estimated by Maximum Likelihood (M LE) following the work of Baillie et al. (2012) on long memory estimators for forecasting purposes. The authors find the forecasts based on M LE to be superior than the ones obtained from local Whittle estimators. Moreover, throughout, we use a large sample size of T = 1, 000 to reduce the estimation error, and we consider values of the long memory parameter in the stationary range, d ∈ (0, 1/2). Furthermore, given the rise of Climate Econometrics studies keen on producing long horizon forecasts, we consider it relevant to evaluate forecast performances to horizons as far as h = 300, which correspond to twenty-five years of monthly forecasts. Table 3 presents the Monte Carlo design for the forecasting analysis. • Generate series of size T + h using the long memory generating processes considered, Section 2, Table 1 . The model calibrations are reported in Table 9 in Appendix A.
• Fit by Maximum Likelihood the competing models in the starting set M 0 , Table 2 , for a sample size T .
• Construct forecasts from each model for horizons h ∈ {5, 10, 30, 50, 100, 300}.
• Determine the M CS and compute the RM SE and RM AD.
• Repeat the steps above R times, the number of replications.
• After the R replications, report the percentage number of times each model is contained in the M CS, and the mean values of RM SE and RM AD, for each forecast horizon.
Monte Carlo Results
In this section, we present the results from the Monte Carlo simulations. The parameters for the simulations are presented in Appendix A. Throughout, for reasons of space, we focus on the M AD loss function given that it is less sensitive to large misspredictions, see Hansen et al. (2003) . Nonetheless, tables using the M SE loss function, reported in an Online Appendix, show similar results.
DGP 1: ARFIMA
As a benchmark, we present in Table 4 Table 4 : Mean of the RM AD and proportion of times the model is in the M CS using the M AD loss function and the TR statistic at a 95% confidence level. Table 4 shows that ARF IM A models are the preferred specification for all forecast horizons measured by the RM AD criterion, which is not surprising given that DGP 1 is indeed an ARF IM A process. Turning to the M CS criterion, note that the no-change I(1) model gives the best forecast performance for short horizons, while the F I(d) model is the preferred one for medium and large forecast horizons, and its relative performance increases with the forecast horizon.
The results for the I(1) model are of particular interest. Note that it is the preferred model by the M CS criterion for short forecast horizons, while it gives the worst performance by the RM AD criterion for all horizons. As discussed in Section 3.1, these apparent conflicting results can be explained given the complimentary nature of the forecast evaluation measures. Recalling that the RM AD is a measure across all replications, the results suggest that when the I (1) is not in the model confidence set, its forecasts perform badly. Nonetheless, its success rate for short forecast horizons could make it a reasonable alternative in some cases, which will probably relate to the distance from the last observation before the forecast to the overall mean. If the last observation is already near the mean, and given that all models will forecast a return to the mean given the stationarity assumption, the no-change model could provide a good forecast alternative, the mean.
Looking at both criteria, we find that high-order AR and ARM A models perform quite well when forecasting a true ARF IM A process for short forecast horizons. In particular, the AR(50) and ARM A(1, 1) fall in the superior set of models more than times than ARF IM A specifications for h = 5, and h = 10; while the increase in the RM AD criterion relative to ARF IM A specifications is not too large. A practitioner could in principle construct a weighted measure between the two criteria depending on the problem at hand and choose to use this class of models.
Nonetheless, for medium and large forecast horizons, the F I(d) model is the one contained in the M CS the most, and with a RM AD close to the minimum. In this sense, the F I(d) appears to be a good overall model for forecasts at medium and large horizons. The superior performance of the F I(d) model compared to the correct ARF IM A(1, d, 0) specification may be explained given the small value of the autoregressive coefficient and the estimation error in the long memory parameter. The table suggests that the F I(d) model seems to capture enough information for forecasting purposes in the long horizon once the short memory component fades away. Furthermore, Figure 1 allows us to contrast the performance of high-order AR models and ARF IM A models to different degrees of memory. 3 The figure shows that for h = 5 and h = 10, and for all degrees of memory, the AR(50) produces better or similar forecast performance according to the M CS criterion than the F I(d) model. Yet, the F I(d) models tend to lead in forecast performance as the horizon increases.
Finally, the figure allows us to compare the HAR(3) model against the AR(22) model. Note the crossing in preferred model according to the M CS criterion between the AR(22) and HAR(3) models as both the forecast horizon, and degree of memory increase. The figure shows that for h = 5, the AR(22) model is always on top of the HAR(3) model. Nonetheless, the preferred model between the two switches from the AR(22) to the HAR(3) model as the forecast horizon increases. Furthermore, the crossing happens sooner for higher degrees of memory. This suggests that the structure imposed by the HAR(3) specification helps to improve forecasting performance for higher degrees of memory, and for larger forecast horizons, at the cost of lower performance at small horizons.
Overall, Table 4 , and Figure 1 extend the findings of previous studies on forecasting long memory when the long memory is generated by ARF IM A processes. They show that high-order AR models are good alternatives for short forecast horizons, while extending the analysis to show that ARF IM A models are better suited for medium and large forecast horizons. Moreover, we find that the constraints imposed by the HAR model improve forecasting performance over the unconstrained same-order AR model for higher degrees of memory, and longer forecast horizons.
DGP 2: Cross-Sectional Aggregation
Results from the Monte Carlo analysis for the cross-sectional aggregated processes, DGP 2, are presented in Table 5 , and Figure 2 . Table 5 : Mean of the RM AD and proportion of times the model is in the M CS using the M AD loss function and the TR statistic at a 95% confidence level.
Note that the I(1) model is the one contained in the superior set of models the most for forecasts horizons up to 100, while performing last according to the RM AD criterion. Once again, this seems to suggest a higher success rate for the I(1) model at short and medium forecast horizons, but at the price of high variability on its performance, which may relate to the distance from the last observed value to the mean.
Looking for a better balance between the criteria, note that the ARF IM A class of models is the preferred one according to the RM AD criterion for all forecast horizons, with the F I(d) in particular remaining among the top performing according to the M CS criterion. In this sense, a weighted average between the criteria would presumably result in selecting the F I(d) model as a well suited model for forecasting purposes, specially for medium and large forecast horizons. Among the short memory models, the ARM A(1, 1) and AR(50) models could provide good forecast alternatives for short forecast horizons, as seen by their relatively high value for the M CS criterion, and RM AD relatively close to the minimum.
We can see the effect that the degree of long memory has on the results in Figure 2 . We plot the percentage of number of times the models are contained in the M CS for different degrees of memory, for all forecast horizons. The figure extends the findings in Table 5 , it shows the good performance of the ARM A(1, 1) and AR(50) models at short and medium forecast horizons, providing similar results to the F I(d) specification. Nonetheless, the figure shows the increase in relative forecast performance of the F I(d) model when the forecast horizon increases. Also, the plot shows the increase in forecast performance of the HAR(3) model for large forecast horizons. In particular, while the performance in small forecast horizons is inferior in comparison to the unconstrained AR(22), the constrains seem to introduce the additional structure needed for good medium and large horizon forecasts. Section 5 will analyse this feature further.
Overall, Table 5 and Figure 2 indicate that the ARF IM A class of models are a good specification for forecast construction when working with long memory series generated by cross-sectional aggregation, DGP 2, particularly for medium and large forecast horizons. This in the sense that they obtain a good balance performance among both evaluation criteria. Among the short memory models, the AR(50) and ARM A(1, 1) could provide sensible alternatives for smaller forecasting periods. Finally, the HAR(3) model starts to show good performance at larger horizons, with slightly inferior performance at short forecast horizons. Table 6 presents the results from the Monte Carlo analysis for processes generated using the error duration model, DGP 3, for long memory parameter d = 0.3.
DGP 3: Error Duration Model
We can see from the table that the ARF IM A class of models provide the best performance measured by the RM AD criterion for all forecast horizons, while showing the best performance by the M CS criterion for h = 30 and larger. Thus, the ARF IM A class of models seem to provide the best forecast performance for series generated by the error duration model, DGP 3.
Turning to short memory alternatives, note the relatively good performance of the AR(50) model for all forecast horizons. Thus, even though the F I(d) model appears as the best performing Table 6 : Mean of the RM AD and proportion of times the model is in the M CS using the M AD loss function and the TR statistic at a 95% confidence level.
model, high-order AR models seem to produce good short and medium horizon forecast alternatives for DGP 3. Moreover, contrasting the performance of the HAR(3) model against the AR(22) model, the table shows the gains in performance of imposing some structure into the higher-order AR models when forecasting DGP 3, with similar or better performance on both criteria. Figure 3 presents the proportion of times the models are contained in the M CS when forecasting DGP 3 for different degrees of memory. The figure shows the relative performance increase of the F I(d) model over high-order AR models as both the degree of memory, and the forecast horizon increase; thus, it extends the insights gained from the table to all degrees of memory considered. Also, note that the HAR(3) model is always on top of the unconstrained AR(22) model, if slightly for medium horizons.
Overall, Table 6 and Figure 3 convey one of the main insights from this paper; that is, short memory models are good alternatives for short horizon forecasts, while long memory models are preferred for medium and long horizon forecasts of long memory processes, regardless of the memory generating mechanism.
Discussion
Looking at the relative performance between an unconstrained high-order AR model and a constrained HAR, the results from the Monte Carlo simulation can be further analysed in the context of the bias-variance trade-off typically studied in regression analysis.
All processes considered in this paper are long memory in the covariance sense; hence, the models are fitted to capture the information contained in the autocorrelation function and use it for forecasting purposes. In other words, the models select {a i } T i=0 in the x t = a 0 + T i=1 a i x t−i representation, with the aim of replicating the autocorrelation function.
ARF IM A and ARM A models differ in terms of the way to select the coefficients a i . ARF IM A models impose a hyperbolic rate by the fractional differencing operator (1 − L) d , see Equation 1, while high-order AR models are more flexible by selecting each coefficient individually. In this sense, the fractional models need just one parameter to establish the infinite list of coefficients, and are hence of low variance. Nonetheless, the uncertainty surrounding the estimation of the long memory parameter may introduce some bias. As an alternative, high-order AR models are more flexible. Hence, they can reduce the bias of the coefficients, but suffer from increased variance given the number of estimated parameters. This distinction can be particularly important in the scenario of having small estimation samples, something we abstract from in this study. Given the uncertainty associated to estimating an increasing number of parameters, we would expect the performance of high-order AR models to deteriorate in short series. Yet, as the Monte Carlo analysis showed, this flexibility can produce good forecast performance at short horizons, particularly when the degree of memory is small. Nonetheless, AR models lose forecasting power as the forecast horizon gets larger. We could increase the order of the autoregressive process to incresae the forecasting performance at long horizons, but the estimation becomes unstable.
In this context, HAR models are a compromise between the rigid ARF IM A and flexible high-order AR model specifications. They incorporate high-order autoregressive specifications while greatly restricting the number of parameters to be estimated. This arrangement allows the HAR model to provide similar forecast performance at medium forecast horizons as same-order unrestricted AR models, while providing better long horizon forecasts. Yet, as shown in the Monte Carlo analysis, HAR models may suffer a forecast performance loss at short horizons.
To further illustrate this point, Figure 4 compares the forecasting performance of constrained AR models in the spirit of the HAR model against their unconstrained specifications. In particular, in addition to the HAR(3) and AR(22) models, we show an unrestricted AR(50) model and a HAR(4) given by
t−1 = superior performance of unconstrained autoregressive processes against constrained ones of the same order for short forecast horizons. Nonetheless, it shows the increase in relative performance for the constrained versions at large forecast horizons. In particular, for h = 5 and h = 10, the unconstrained AR models give better performance than equivalent order HAR alternatives for all degrees of memory; while at h = 300, the HAR4 is always on top of the unconstrained AR(50). 4 The bias-variance trade-off has been a topic of great interest in the literature of regressions with a high number of covariates, it thus would be compelling to adapt shrinkage and sparse methods to lag selection in the context of long memory forecasting. This line of inquiry is left open for future research.
Illustrative Example
In this section, we evaluate the forecasting performance of the competing models on real data. We select the Realized Variance (RV ) of the S&P 500 for illustration. As it is well known, the Realized Variance is a measure of volatility. We obtain the RV series from the Oxford-Man Institute's "Realised Library" computed on the basis of intradaily observations spaced into 5-minute intervals and subsampled at a 1-minute frequency. The sample runs from January 3, 2000 until December 30, 2015.
The RV has been proven to have long memory by, among others, Martens et al. (2009) and Andersen et al. (2003) . In particular, notice that by construction the S&P 500 series is an aggregated measure; thus, it is in line with the cross-sectional argument for long memory. Furthermore, Parke (1999) argues that given the difference between information quality among agents, the error duration model is capable of explaining the long memory in volatility. Hence, realized variance can be argued to have long memory by the theoretical explanations considered in this work, making it a good fit for the exercise. Figure 5 presents the RV series and its autocorrelation function. The autocorrelation function shows behaviour similar to those of long memory processes, remaining significant at large lags. The estimates for the long memory parameter are 0.4501, 0.4675, and 0.3756 by the semi-parametric estimator of Geweke and Porter-Hudak (1983) , the local Whittle estimator of Robinson (1995) and Künsch (1986) , and the Maximum Likelihood Estimator of Sowell (1992) , respectively.
We use as estimation sample an increasing window starting from the period between January 3, 2000 to December 30, 2014. The last estimation window runs from January 3, 2000 to December 30, 2015. For each estimation window we construct forecasts for 5, 10, 22, 66, 120 and 254 periods ahead, and compute the Model Confidence Set for each estimation window and forecast horizon. Table 7 presents the results from the forecasting exercise on the first estimation window. As the table shows, 5 short memory models give the best forecast performance for horizons up to 22 periods ahead, in line with the results of Martens et al. (2009) . In particular, for short forecast horizons either the ARM A(1, 2) or the ARM A(1, 2) is the one with minimum RM AD, and the only one contained in the M CS. Nonetheless, the ARF IM A type of models tends to dominate in forecast performance as the forecast horizon increases, in line with our results from the Monte Carlo analysis. For horizons h ∈ {66, 120, 254}, representing 3, 6 and 12 months, the ARF IM A(0, d, 1) is the only one contained in the M CS and with lowest RM AD.
The results from Table 7 can be better understood by looking at Figure 6 . The figure shows the true RV and the forecasts from the best competing models. The top plot shows the forecasts up to a month ahead, while the bottom one extends it to a year ahead. Table 7 : RM AD and indicator function for the model being contained in the M CS using the M AD loss function and the TR statistic at a 95% confidence level. As the figure shows, all models determine that the RV is away from its mean by the end of the estimation period. The main difference between models being the speed of convergence to the mean. The fast convergence of the ARM A specifications allows them to capture the quick bounce at the beginning of the forecasting period much better than the ARF IM A alternatives, which results in better short horizon forecasts. Nonetheless, the long memory alternatives are better suited to capture the long horizon dynamics of the RV as the forecast horizon increases.
For robustness, we extend the analysis to the exercise with an increasing estimation window. Table 8 presents the average number of times the competing models are in the superior set of models. For ease of exposition, we have pooled the results between long memory alternatives (ARF IM A models) and short memory ones (ARM A models). Table 8 : Average number of times the type of model is in the M CS at a 95% confidence level for the increasing estimation window exercise. In total, 254 estimation windows were considered.
The table confirms our simulations and first estimation window results. It shows that for the short horizon, the ARM A models are the ones contained the most in the M CS. As we increase the forecasting horizon, the ARF IM A alternatives are the ones contained the most in the M CS. In particular, no short memory alternative is contained in the M CS for forecast up to a year ahead, for all estimation windows.
Conclusions
This paper argues that the most cited theoretical arguments behind the presence of long memory in the data do not correspond to the fractional difference operator. In this context, it evaluates the forecasting performance of ARF IM A models when the memory is generated from nonfractional sources.
We find that high-order AR models produce comparable forecasts as ARF IM A models at short horizons. Nonetheless, as the forecast horizon increases, the ARF IM A models tend to dominate in terms of forecast performance. Hence, ARF IM A models are well suited for medium and long horizon forecasts of long memory regardless of the generating mechanism, while high-order AR models may be good alternatives for forecasts at short horizons. In particular, we find that if the long memory is generated by the error duration model, the fractionally integrated model produces the best forecast performance at medium and large horizons for all degrees of memory, while remaining competitive at short horizons.
Additionally, by making a compromise between flexibility and complexity, we find that the structure imposed by the HAR model induces a trade-off in forecast performance at different forecast horizons. In other words, the HAR model produces better long horizon forecasts, similar medium horizon forecasts, and similar or inferior short horizon forecasts, than same-order AR model specifications.
Our results have implications for Climate Econometrics and Financial Econometrics models dealing with forecasts at different horizons. As an illustrative example, we show for the Realized Variance of the S&P 500 that while short memory models are well suited for forecasts up to a month ahead, the ARF IM A class of models dominate in forecast performance for longer horizons.
